
MatroidIntersection
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Recall that X = (S ,
3

,
12) is not always

a matoid

For example ,

let B =(t ,
E) be a bipart graph

and

↳E YehEcEldeluEI FreXik
=R

Then Mi = (E
,
]:) is a

matoil but 6
,
121 does not satisfy

a

the exchange axiom : I' = hal Eal n

111 > II'l but cannot add any

X
, X edge from I to I

But we can solve maximum Sipath
matching as

a matroid intersection problem for
the matroids M

,
My above :

⑧

Xa independent in both
M
,M2
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so maxtim)/m is a matching ?
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why is Miamatroic ?
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Another example of matroid
intersection : out-branchings

Given D = (V ,
A) and seV define

3 = hA'd' is a forest in UGLD)(UGID) is the underlying

undirected graph of
$

J= 3A" (dulo) ) Freksand dis =0)

·
We have seen

that Mi = (A ,
]

,
) is a

matoid as it is

the circuit matroid
of UG(D)

· Mc= (A ,
1) is a matoid as J2 satisfies

the thre

axioms @EJn
,
XE]NYX => YEJ

,

X
,
YEJc

,

NI =At

= EyeYXX St X+yE]a

Now maxbIIIIe] ,
1]

, ) = n-

↑
D has an out-branching

from s

- independent
·
- -X

· ·
Sets in

Y
S
x-
-

-Y
+- J

, n3

No cycle in underlying graph
+ indegree

and ds1= 0
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Recall that if M = (S
,J) is a madrid and

XE] but X+ed]
,
then ther is a unique

Circuit (minimal dependentet)
Cin X + e

For any
XE] and eas

let

· ((X
,
2)= if

X +et]

· ((X ,
e) = unique

cirant in Xte if Xe]

Below we follow Korted Vygen Section 13 .
5

LemmMamtime in-

Pr 1 --y
,

are distinct elements
of E-X such that

() XE((XiYn) for
K = 1

,
2, . . .,

4) XjCKYn) for all ; with 1257k
= S

Then X-3x....
Xshthy ,

32. yght]

iss((X
,bi) ·

9,2 Yatyn Ys



Bot: we showbinductionthatT
a

r = o ok as Xo = X

Suppor Xr-1E]

if frytre] then Xp = (Xr-ty-X-E]

otherwise unique
circut C in Xr-tyr

By (b) none of X
..- 1 Xr-1

balons to C(X ,
3r)

so ((X ,
3r)[Xrutyr implying

C = ((X ,3)

ByCl XrE((X , 3 - ) So XrytYr-XrE]
8

.
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Edmonds matroid intersection
alsonthm :

·
Start with X = %

·
Augment X by our

element at a
time

until no new element can
be added

How to do this ?



Given current set XE] ,
1]

,
define a digraph Gx= (E

,AA*/

Here Al = (x+ y/yeE-XaxeG(Xi(-y) Cicircustom ,

A = (y = X /y + E-Xaxe ((X,
y)-3) Cz : circuito Me

This means
that

In Al an arc X-y
indicates that by delelins

X we may
addy tox

so that Xty-Xe
S

,

In Alan arsyeX
indicate that by

delebes X we mas
addy tox

so that Xty-X]

let Sx = hycE-X1X +ye]]
,
Tx= ycE-XIX

+ye]n]

If Sy= orTy
=0 then X is maximal in

J
,
2)m

we can
add

If yeSynTX
then Xtye] ,

n]
,
So

y directly
to X .

So assome SynTX =)

G(xy) E-X

~
Etix
i



↓naBSupport and t,
-

is a shortest (X ,Tx)
- path in 6X = (E

,
AYAL

Then X = (X + 39013 ,..., Ys)) - 3X
, 52,
--x) is in JnJ2 @

(note that IX'l = (x1 + 1)

ProofWhowthXiagist
,

a
-

· X +yeS ,
as yESX

·d) holds as X; -YjEA for jeli-

·
To see that $1 holds ,

assome that Xjt D(X,yu) for

some 1jakES. Then X-YuE At implying

that P is not a shortest [x.TX) - path ,

contradiction

Similarly we can show that X'E], by
showing that

X+ ys ,
Y , . -x's and yiYi-- is with

X=Xit) Y := Ysi

Satisfy the conditions of Lemma 13 .
27 cort My .

· X + y ,
e]

,
YeTX

· (a) holds as 3 - XitE
A* to c= 0

,
1, . . . . 5 -

·
To see that $1 holds ,

ascome that XpEG(X ,
Br

for some par then the arc ysr-Xs-p+

contradicts that P is shortat

o - 07 oa·



ItpositionLetMimatrons
See

FFE] ,
n]

,
and FREE : IF) = r

,
(a) + (E-Q)

Proof : Fr(E-Q) E-Q

- FnQE)
,

so IFnQIer, (Q)

Fn(E-Q)E], so (F(E-Q)(er(E-a FnG Q

↓ F

IF) = /FnQ(+ (FnE-Q)/[ri@I +)E-d)0 .

Lemma 13 .
30 XE] ,

1], has maximum
size

- #
by has

no ex ,
Tx) - path

roof I follows from
Lemons 13 .

28

# Let R = GetEl Epath from Sytre
in Ext

Then SyER and RuTX
=O

We claim that N(X-R) = /X-Rl and in (R) = /XuRI

If this holds we can tak Q = E-R and get

(x) = IX - RI + |XnR) = r
,
(X -R) + rz(R)

= r
,
(Q) + r (E-Q) so IX) is maximum

by Prop 13 . 29



· Suppon r
,
(E-R) > /X-R1 then Eye (E-R) -X

such that (X-RI+ y EJ ,
x

R

But Xtyl] ,
as y # SXER

(yeE - R) -X = E -X) ⑪· 3
-

1

Now C
,
(X

, y)n XnR] + Y as

! Tx

(-R( +y e],
X (ii) E-X

But then then is an
arc X-sy in Ay from R toy

implying that ye
R contradiction (as yaE-R)-X

o Suppon (R) >
InRI

Thm Ey'c R-X S .
t

.
XnR +ye ]< R

But X+y'd], as RnTx = Y

Then ((X , y') n X-R +4 ⑪
as (XnR) +yE] ,

Now then is an arc yl-x xPex
from R to E-R I

C(X ,y'

We have shown that

r (E-R) = IX- RI and inIR) = InRl



↳theoremadmondmail intersectionthea
over E .

Then XC]
,
n], is of maximom

size

if and only if IXl = minr(a)+E-



~plication toSiponte
matcheson

Mi = (E
, ]i)

GibzEldfre
size of maximum XE] ,

n]
,

=

maximum size of a matchins in 6

By Edmonds thm #
6) max IX1 = min (r

,
(E)+y(EE)

E'SE

Note rilE
* )= vertius in X : covered by

E
*

So

max(X) = min(1Hal (Ui [XHo (
Konigs the is a

verlex cover



Deriving Hall's theorem :

#m(Hall) 6 = (X,
,
X ,
E) with (X .

1/2

has a perfect matching if and only it X
FUeX

, Incallz
&: necessity is clear Wal

suppose
that size of max

matchins is smaller

than 111
.

Then by Edmonds
the

IE'SE such that

IX
.

1 > r
,
(E') + r

,
(E-El) = 10

,
1 + 142) when

-

-

U
,
EX

,
covers

El and U2EX>
coves

E-El

Then 1421 > IX1-14 , ) but
all neighbors of
X) X

X U
,
are in By &(1

↳



Oberration
Edmonds algonthm corresponds to

searching for alternating paths
:

X = no

-aaa
- 0

Thm (Berge)
a matching M in a graph G

= (V ,
E) is&maximum if and only

if 6 has

noalternius path of M



&

Rainbow spanning frees

Theorem (Suzuki-schrijver( An edge coloured graph GIVIE)

has a
rainbow (all colors different) spanning

tree

00 O
↑ X partitions V ,

V - -- Va , I2 of V 00

Therecreat least k-1 different colors between
V, Un

P : clearly necessary as every sparmnsfre
needs at least he

-

edges to connect
V

, IV2 ,
-- Va

Define M, = (E,
J

,
) and M2= (E , ja) by

J = EE) all edges in E' have different colors)

In = /EIE) El is a forrest lacyclic)
M

,
and My are matroids :

By Edmonds theorem
G has a rainbow

spanmns free
if and only if



#/ minhr ,
(E) + E-El]In

Note thatrg (E-El) = n- #components in
G(E-E')

Va Vo
I

⑫ denote by p

VI

①Ov⑰
If color (e) = colour (e) with

ePE-El

and etEl then move eX to El

this will only lower

~, (E) = no of colors on edus in
El

By W
,
(El] (-1)-M + plep-1


